This study investigates the missing data problem in the Japan Meteorological Agency catalog of the Kumamoto aftershock sequence, which occurred since April 15, 2016, in Japan. Based on the assumption that earthquake magnitudes are independent of their occurrence times, we replenish the short-term missing data of small earthquakes by using a bi-scale transformation and study their influence on the maximum likelihood estimate (MLE) of the epidemic-type aftershock sequences (ETAS) parameters by comparing the analysis results from the original and the replenished datasets. The results show that the MLEs of the ETAS parameters vary when this model is fitted to the recorded catalog with different cutoff magnitudes, while those MLEs remain stable for the replenished dataset. Further analysis shows that the seismicity becomes quiescent after the occurrence of the second major shock, which can be regarded as a precursory phenomenon of the occurrence of the subsequent M J 7.3 mainshock. This relative quiescence is demonstrated more clearly by the analysis of the replenished dataset.
Background
On April 16, 2016, an earthquake sequence bursted in the Kumamoto region of the Kyushu Island, Japan, on the Hinagu and Futagawa faults, which lie at the southern end of the Median Tectonic Line, forking in two directions from the Beppu-Haneyama Fault Zone. One of the significant features of this sequence is that it included three M6+ earthquakes, a magnitude 7.3 mainshock which struck at 01:25 JST on April 16, 2016, beneath Kumamoto City, at a depth of about 10 km and two foreshocks, one with a magnitude 6.5 at 21:26 JST on April 14, 2016, at a depth of about 11 km and the other with a magnitude 6.4 at 00:03 JST on April 15, 2016, at a depth of about 7 km (Table 1 ). The earthquakes claimed 49 lives by collapsed houses or induced landslides.
This study aims to quantify the seismicity patterns of this sequence by using the ETAS model. After Ogata (1988) proposed this model and extended into space-time version (Ogata 1998) , it has become a popular model for standard short-term clustering of seismicity. The assumptions of this model are: (1) The background seismicity is a stationary Poisson process; (2) every event, no matter whether it is a background event or it is triggered by a previous event, triggers its own offspring independently; (3) the expected number of direct offspring is an increasing function of the magnitude of the mother event; and (4) the time lags between triggered events and the mother event follow the Omori-Utsu formula. Mathematically, this model can be formulated by its conditional intensity function
(1) (t) = lim where N = {(t i , m i ): i = 1, 2, . . . , n} is the sequence of earthquake occurrence times and magnitudes, N [t, t + �) = 1 if any of {t i : i = 1, 2, . . . , n} falls in [t, t + �) and, otherwise, N [t, t + �) = 0, H t represents the observation history up to time t but not including t, and parameters µ, k, α, c, and p are constants to be estimated from the data. In the above equation, µ represents the background seismicity rate, and α represents the difference in triggering efficiency among events of different magnitudes. For easier explanation, we introduce another parameter which represents the productivity from an event of magnitude m c . The parameters can be estimated through the maximum likelihood estimate (MLE). Given the observation series, N = {(t i , m i ): i = 1, 2, . . . , n}, in a time interval [0, T] , the logarithm of the likelihood can be written as (Daley and Vere-Jones 2003, Chap. 7) In the practice of data analysis with the ETAS model, there are two major difficult problems: One is the cutoff magnitude threshold and the other is the short-term missing of small events. It has been shown that the estimated model parameters vary vastly when the magnitude threshold changes (Ogata 1998 ). This problem is also carefully studied by Wang et al. (2010) . To solve the short-term aftershock-missing problem, when fitting the ETAS model or the Omori-Utsu formula, the early period of aftershocks is always skipped. However, this method cannot be easily used when multiple sequences are included in the data. It is important to know how the short-term aftershock-missing influences the estimates of the ETAS parameters.
Many efforts have been made to fix the problem of missing small aftershocks in the early stage of an earthquake sequence. One observational approach is to use waveformbased earthquake detection methods (e.g., Enescu et al. 2007 Enescu et al. , 2009 Peng et al. 2007; Marsan and Enescu 2012; Hainzl 2016) . These methods found many aftershocks that are unrecorded in the catalog. Another observational approach is giving up describing the earthquake process as a process of discrete events but regarding it as a stream of energy to assess the effect of early aftershock incompleteness (Sawazaki and Enescu 2014). For statistical approaches, based on the Gutenberg-Richter magnitude-frequency relation and using the Bayesian analysis techniques with assumptions of smoothness priors, Ogata and his colleagues investigated the incompleteness of earthquake catalogs (Ogata
and Iwata 2008 Iwata , 2013 Iwata , 2014 and developed methods of making probabilistic earthquake forecasting with missing earthquakes taken into account (e.g., Ogata 2006; Omi et al. 2013 Omi et al. , 2014 Omi et al. , 2015 . A non-Bayesian procedure that corrects such temporally varying incomplete detection of earthquakes can be found in Marsan and Enescu (2012) , where they assumed that the b-value is constant and that the occurrence rate of earthquakes follows the Omori-Utsu formula or the ETAS model. Zhuang and Wang (2016) proposed a generic algorithm for replenishing missing data in the record of a temporal point process with time-independent marks. They verified this algorithm through simulations and applied it to the record of the aftershock sequence following the 2008 Wenchuan M S 7.9 earthquake in Sichuan Province, China, where there were up to 30% small events of M3+ in the whole aftershock sequence of the Wenchuan earthquake in China. Their results confirmed the hypothesis in Utsu et al. (1995) that missing small events in the early stage of the aftershock sequence cause the instability of the estimate of the Omori-Utsu formula.
In the following sections, the completeness of the catalog is investigated and then the missing data are replenished using the approach proposed by Zhuang and Wang (2016) . By comparing the results from fitting the ETAS model to the original and the replenished datasets, the influence of the missing data problem on the estimate of the ETAS parameters can be understood, which is helpful to produce more reliable aftershock forecasting.
Data
We use the JMA catalog in this study. The spatial range of data selection is 128∼133 • E, 30∼35 • N and the time range April 1, 2016, 00:00:00 to April 21, 2016, 24:00:00. Figure 1 shows the epicenter locations of the selected earthquake. We choose a wide region so that we can include nearby earthquakes as background seismicity. To see how the small earthquakes are missing in the catalog, we plot the magnitudes, dithered with random rounding errors that are independently, identically, and uniformly distributed in [−0.05, 0.05] , against the sequential numbers, i.e., the timescale is equalized for each event, as shown in Fig. 2 . Such a figure gives information on how the earthquake magnitude structure changes with time (e.g., Agnew 2014) . If the dataset is complete, such a plot shows a homogeneous pattern along the horizontal axis, as the right half of Fig. 2 . We can see that the biggest missing events are no less than magnitude 3.0 immediately after the first and the third major shocks, much higher than the completeness level of the usual detection ability of the network in this area, which goes down to about 0.5 for shallow events (up to 30 km deep) and about 1.0 for slightly deeper events (30-60 km) (Nanjo et al. 2010; Iwata 2013) .
Data replenishment
Heuristically, the missing data points can be replenished by adding some points into the blank parts that are due to the missing small earthquakes in Fig. 2 , in such a way that the new plot shows homogeneous pattern along the equalized time axis. Or roughly speaking, there should be enough small earthquakes in the same time period during which big events occur (2016) is based on this idea. In the following we apply this algorithm to replenish the data and explain it step by step.
The first step is to transform the entire observed dataset {(t i , m i ): i = 1, 2, . . . , n obs } onto the unit square
where I is a logical function defined by If the magnitudes and the occurrence times are independent of each other and the magnitudes are independent and identically distributed random variables, then {(t ′ i , m ′ i ): i = 1, 2, . . . , n obs } form up a homogeneous pattern in the unit square. When the magnitudes and the occurrence times are not independent of each other, for instance, there are some missing small events in some particular periods, the resulted point pattern is not homogeneous anymore, as shown in Fig. 3b .
The second step is to make a judgement whether there are missing events in the point pattern of
. . , n obs }. In Fig. 3b , the blank area implies that short-term missing of aftershocks exists and the dense parts are also caused by the existence of missing data. The missing data, which twist the bi-scale empirical transformation, make the transformed point pattern much different from using the transformation based on the complete data. According to Fig. 3b , an area S can be figured out to include all the missing points.
To estimate what are missing in S, we need to understand how S should be when the data are complete, since S obtained by the empirical transformation in Fig. 3b is calculated based on incomplete data. That is to say, we need to restore the area S * corresponding to S under the true empirical transformation:
where
. . , n all } is the complete dataset that contains all the events occurring in the studied space-magnitude-time range, and
The third step is to restore the area corresponding to S under the true empirical transformation. Since
. . , n all } is not completely known, we can only estimate the true bi-scale empirical transformation based on the points outside of S, where the events are assumed to be completely observed. This is done by using the following iterative method. Set where In the above, S (1) = F (1) (S) means that S (1) is the image of S under the mapping of F (1) . Starting from ℓ = 1, repeat the following iterative computation until convergence, for example, max{|t
i |} < ǫ, where ǫ is a given small positive number: 
One may ask why the iterations are necessary. This is because we need to know the image of S, which contains all the missing events, under transformation based on the complete dataset, N all = N obs ∪ N miss , where N obs and N miss denote the sets of observed events
and missing events, respectively. The images of all the events, missing or observed, that fall in S are nearly uniformly distributed in the image of S under this transformation. Due to the existence of the unobserved events, the image of S under F (1) , the bi-scale empirical transformation based on the observed data, N obs , is different from its image under the transformation based on the complete dataset D since events in N miss are not included in the calculation. Through reweighing the observed events outside of S, i.e., events in N obs \ S, by using Eqs. (11)- (13), the iteration in this step constructs a bi-scale transformation as close as possible to the biscale empirical transformation based on the complete data. At the same time, the corresponding area that contains the missing data, S * , is restored as close as possible to the corresponding image under the transformation based on the complete dataset. This can be seen by comparing Results from applying the replenishing algorithm to the earthquake data from the Kumamoto aftershock region. a Magnitudes versus occurrence times of the earthquake events. b Rescaled magnitudes versus empirical distribution of occurrence times of the recorded events transformed by using the bi-scale empirical transformation. c Rescaled magnitudes versus rescaled occurrence times of the combination of the observed events, with the rescaling based on the empirical distribution that is estimated based on the events outside of S. d Rescaled magnitudes versus rescaled occurrence times of the observed events and replenished events, i.e., newly generated events after removing events that are close to any of the observed in S, with the rescaling based on the empirical distributions of the events outside of S. e Magnitudes versus occurrence times of the observed synthetic events and the replenished events. f Cumulative numbers of events against occurrence times for the original dataset (gray curve) and for the replenished dataset (black curve). The blue polygons in a-d are the area S and its corresponding mappings in which the missing events fall. Green dots in d and e are the replenished events
After the above iterations of transformations, the image of all the events (including the missing and observed events) should be approximately uniformly distributed in the unit square [0, 1] × [0, 1]. As shown in Fig. 3c , the events outside S * are approximately uniformly distributed. The missing events inside S * can be replenished by refilling in a way such that the events inside it are also uniformly distributed with the same occurrence rate as the outside.
The fourth step is to refill S * , in which the events (including missing and observed) should be approximately uniformly distributed according to a homogeneous Poisson process. Consider the theoretical conclusion that, given a homogeneous Poisson process in S 1 ∪ S 2 with an unknown occurrence rate, where S 1 and S 2 are disjoint, if there are k events falling in S 1 , then the number of events of this process falling in S 2 follows a negative binomial distribution with parameter (k,
. This can be derived in the following way: Providing that an event of this process falling in either S 1 or S 2 , then the probabilities that it falls in S 1 and S 2 are |S 1 |/(|S 1 | + |S 2 |) and |S 2 |/(|S 1 | + |S 2 |), respectively. This is equivalent to a sequence of independent Bernoulli trials, where each trial has two potential outcomes called "success" (say, falling in S 1 ) and "failure" (say, falling in S 2 ). Then the random number of failures, X, which we will see before the occurrence of k successes, has a negative binomial distribution, NB(k,
, with probability mass function where p = |S 1 | |S 1 |+|S 2 | . It is interesting that the number of earthquakes in a given space-time-magnitude window also follows a negative binomial distribution (e.g., Dionysiou and Papadopoulos 1992; Kagan 2010) . Thus, we generate a random number K from a negative binomial random variable with parameters (k, 1 − |S * |), where |S * | is the area of S * , and is the number of events outside S * , with "#" representing the number of elements. Then we generate K random events independently, identically, and uniformly distributed in S * . Denote these newly generated events by N * rep . Since there are already some observed points in S * , we should keep them and remove the same amount of simulated points. Simply, for each event of N * obs that falls in S * , sequentially remove from N * rep the closest event to it. The output of this step is shown in Fig. 3d .
The final step is to convert the resulted N * rep from the above steps to the original observational space [0, T ] × M through linear interpolation: (Fig. 3e) . Figure 3f shows the comparison between the cumulative frequencies of events in the original and the replenished datasets, from which it can be seen that about 60% of M1.0+ events are missing. Table 2 shows the results from fitting the ETAS model with different magnitude thresholds to the original and the replenished datasets, respectively. For easy comparison, they are also plotted in Fig. 4 . When using a low magnitude threshold, the fitted ETAS parameters estimated by using the original dataset differ from those by using the replenished dataset. When the magnitude threshold is above 3.0, which is approximately the magnitude of completeness for the original dataset, the estimated ETAS parameters are about the same for both datasets.
Influence of short-term missing on the estimates of ETAS parameters
1. The first striking feature is that the α value is almost fixed around 2.0 for the replenished data while for the original data it increases from 0.22 to 2.0 when the cutoff magnitude is increased. As mentioned in Ogata (1988 Ogata ( , 1999 , a small α implies the seismicity is more like a swarm while a large α implies mainshock-aftershock sequences. explain why low α values are obtained when lowering the magnitude threshold for the original dataset. The estimation procedure wrongly classifies aftershocks at the latter stage into secondary aftershocks that are triggered by some aftershocks in the sequence. 2. For the replenished dataset, the estimated background rate µ decreases exponentially when the cutoff magnitude is increased, which can be explained by the Gutenberg-Richter magnitudefrequency relation, while such a pattern is not clear for the original dataset (Fig. 4a ). 3. The K value ranges from 0.007 to 0.055 for the original dataset and 0.002 to 0.008 for the replenished dataset (Fig. 4b ). Since this parameter is not so easy to discuss, A, as defined in Eq. (2), is also plotted. Figure 4c shows that the estimate of A increases gradually from 0.03 to 0.11 for the replenished data, while it decreases from 1.2 to a value around 0.1 when the cutoff magnitude changes from 1.0 to 3.8. For a bursting mainshockaftershock sequence, a small A value and a high α value are typical characteristics, implying that most of the aftershocks are directly triggered by very few major shocks, or even only by the mainshock.
4. The c and p values in the Omori-type temporal decays are nearly constant for the replenished data but not for the original dataset. This indicates that missing small events in the early stage of the aftershock sequence cause the instability of the estimate of the Omori-Utsu formula, as pointed out by Utsu et al. (1995) .
The results from the above analysis indicate that the short-term missing of aftershocks causes serious biases in the estimation of model parameters. It is not difficult to imagine that such biases will propagate in the probability forecasting of seismicity at a timescale of weeks or months and cause big errors. After the missing data are replenished by using the algorithm, the biases can be corrected in a great degree.
Detecting change point by using the replenished dataset
It is interesting to know whether the seismicity pattern changes during the entire sequence, especially after the occurrence of the second major shock. When tangling with the short-term missing data problem, this problem is difficult to tackle since the model cannot be estimated stably. In this section, we compare the results from applying change-point detection techniques to both the original and the replenished datasets.
The main technique to detect seismicity change is using the transformed time sequence (Ogata 1988) . Given a point process N = {t i : i = 1, 2, . . . , n}, which is determined by a conditional intensity (t), the following transformation transforms N into a stationary Poisson process with a unit rate (standard Poisson process), namely N ′ = {τ i : i = 1, 2, . . . , n}. The process N ′ is called the transformed time sequence. The true (t) is always unknown in real data analysis. If we replace (t) by ˆ (t) ,
which is a good approximation of the true model, in the above equation, we can also obtain a transformed time sequence that is approximately a Poisson process of rate 1 (the standard Poisson process). If the transformed time sequence deviates significantly from the standard Poisson process, then we can conclude that the model does not fit the data well. To see whether the seismicity pattern changes after the occurrence of the second major earthquake, one can firstly fit the ETAS model to the seismicity data just before the second major earthquake and then calculate the transformed time sequence and extend the calculation after the occurrence of the second major earthquake.
The confidence bands of the transformed time sequence have been studied by Ogata (1988 Ogata ( , 1989 . In this study, this problem is treated from another viewpoint: Since such a transformed time sequence is a standard Poisson process for an ideal model, statistics related to the Poisson process can be used to construct the confidence band. Following Schoenberg (2002) , the cumulative frequency curve (τ i = t i 0ˆ (u) du, i) always connects (0, 0) and (T , n), where ˆ (u) is the model estimated from the earthquake data in [0, T ] by using the maximum likelihood estimate and n = N [0, T ]. For each positive integer k, if k < n, the confidence interval for τ k is the same as kZ, where Z is a random variable that obeys a beta distribution with parameter (k + 1, n − k + 1); when k > n , τ k can be approximated by a gamma distribution with a shape parameter k − n and scale parameter 1. Here we refer to Schoenberg (2002) for details.
Firstly, the ETAS model is fitted to the original dataset with a target interval of [0, T 1 ], where T 1 = 14.40 is just before the occurrence time of the second major shock, with different cutoff magnitudes. No stable results are obtained if the cutoff magnitude is less than 2.2. After the model parameters are estimated, the transformed time sequence is calculated and the same calculation is extended to T 2 = 15.059, which is just before the mainshock or the third major earthquake. The results are shown in Fig. 5 . A scenario of relative quiescence can be seen between the occurrence times of the second and the third major earthquakes. A similar result is also reported by Kumazwa et al. (2016) . However, one may argue that it might be caused by missing of some smaller events since (1) small gaps at the bottom of Fig. 5d can be found at the places of τ ≈ 300, 400, and 500 and (2) the quiescence starts at about τ ≈ 300, not the occurrence of the second major earthquake.
The same procedure is applied to the replenished data. Stable results can be obtained when the cutoff magnitude is no less than 1.2. Fitting results from data with the cutoff magnitude of 1.2 are shown in Fig. 6 . One can see that the quiescence starts almost immediately after the second major earthquake occurs. The cumulative frequency curve drops outside of the 99% confidence bands quickly after the second major earthquake in the transformed time domain. This is similar to many cases of foreshock-mainshock-aftershock sequences, i.e., in a foreshock swarm, a drop of activity is observed just before the mainshock, such as the M S 7.3 Haicheng earthquake in China on 1976-2-4 (Wang et al. 2006 ) and the recent large M8.1 earthquake in Chile on 2014-4-1 (Papadopoulos and Minadakis 2016) . To verify our results, we also fit the ETAS model to the original dataset with some higher magnitude thresholds, M2.5 and M3.0. Quiescence is also found in the corresponding results, but does not occur immediately after the second major quake in the transformed time domain. However, such quiescence occurs much earlier than in the results when using M2.2 as the cutoff magnitude.
In summary, detecting relative quiescence with respect to the ETAS model becomes rather complicated when short-term missing of aftershocks exists. Data replenishment can correct the biases caused by it in a plausible way. In the Kumamoto sequence, seismicity becomes relatively quiescent almost immediately after the occurrence of the second major event.
Discussion and conclusions
To study the seismicity of the Kumamoto aftershock sequence, the ETAS model is firstly fitted to the original dataset. The estimated parameters vary dramatically when the magnitude threshold changes. When the magnitude threshold is much lower than the completeness level, the estimates give a lower α and a higher p value, implying that the influence of short-term missing of aftershocks on the estimates of the ETAS parameters should not be ignored. When short-term missing of aftershocks exists, detection of the change point in seismicity becomes complicated. In many studies, the completeness threshold is determined by visually looking at the global magnitude-frequency curve or applying some detection methods (see Huang et al. 2016 , and the references therein) to the whole catalog. All these methods cannot effectively detect the magnitude threshold of completeness in the short term immediately after the mainshock, while the estimates of the ETAS model parameters are mainly determined by short-term clustering. To avoid biases caused in the estimation of ETAS parameters by such short-term missing, it is important to find a reliable magnitude threshold of completeness by looking at a figure like Fig. 2 or using some replenishing methods as introduced in this study.
Such short-term missing of small aftershocks can be replenished by using a generic method proposed by Zhuang and Wang (2016) , which is designed for replenishing missing data in marked temporal point processes and only makes use of the assumption that the marks and occurrence times of the events are independent, regardless of how the events interact on the time axis. The key point of this method is an algorithm that iteratively estimates the missing area in the transformed domain according to the parts where data are completely recorded. When missing events are fixed by using this method, the ETAS parameters are much more stable and consistent when the magnitude threshold varies. The results show that this replenishment method helps us to evaluate the influence of missing data and correct the bias caused by missing data.
The results show that the Kumamoto aftershock sequence is a complex one, but still mainly mainshockaftershocks, only the three major earthquakes producing most of the aftershocks. This can be seen from the high α value. There are also different seismicity phases during this sequence. Particularly, the relative quiescence after the occurrence of the second major earthquake can be regarded as an anomaly prior to the mainshock. It is worthwhile extending the analysis based on the ETAS model to the whole aftershock sequence of this M7.3 mainshock in future research. For example, we can investigate whether the foreshock and aftershock activities are characterized by different ETAS parameters and how many phase changes there are in the aftershock sequences.
Also, the ETAS model is shown to be a stable model. The variations in the estimated ETAS parameters with different magnitude thresholds in past studies may be caused by the influence of short-term missing of small events. This conclusion needs to be verified by further studies.
The b-value, which is the key parameter that characterizes the magnitude distribution, might change during the earthquake sequence. However, in the case of short-term missing of small aftershocks, the variation of detection is usually unknown. Extracting the changes in the b-value and estimating the temporal variation of detection abilities at the same time have the problem of identifiability. If the magnitude distribution does not change dramatically, the generic algorithm can still be usable to tackle the issues caused by the short-term missing of small aftershocks to some extent.
